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Abstract. In this paper, we give the mathematical construction of novel core-shell
plasmonic structures that can induce anomalous localized resonance and invisibility
cloaking at certain finite frequencies beyond the quasistatic limit. The crucial ingredient
in our study is that the plasmon constant and the loss parameter are constructed in a
delicate way that are correlated and depend on the source and the size of the plasmonic
structure. As a significant byproduct of this study, we also derive the complete spectrum
of the Neumann-Poinca´re operator associated to the Helmholtz equation with finite
frequencies in the radial geometry. The spectral result is the first one in its type and
is of significant mathematical interest for its own sake.
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1. Introduction
1.1. Background and motivation. Recently, there is significant interest on the math-
ematical study of plasmon materials in understanding their peculiar and distinctive
behaviours and the potential striking applications. Plasmon materials are a type of
metamaterial that are artificially engineered to allow the presence of negative mate-
rial parameters, including negative permittivity and permeability in electromagnetism
[1, 2, 5, 11–13, 18, 23, 25–28, 31–37], negative density and refractive index in acoustics
[3,4,8,16], and negative Lame´ parameters in linear elasticity [6,7,9,10,15,17,19–21,24].
Among the various plasmonic phenomena, we are particularly interested in the anoma-
lous localized resonance (ALR) and its associated cloaking effect that were first discovered
by Milton and Nicorovici in [27]. Mathematically, the plasmon resonance is associated
to the infinite dimensional kernel of a certain non-elliptic partial differential operator
(PDO). In fact, the presence of negative material parameters breaks the ellipticity of the
underlying partial differential equations (PDEs) that govern the various physical phe-
nomena. Consequently, the non-elliptic PDO may possess a nontrivial kernel, which in
turn may induce various resonance phenomena due to appropriate external excitations.
The anomalous localized resonance is particularly delicate and intriguing. It demon-
strates highly oscillating behaviour that is manifested by the energy blowup. Moreover,
the resonance is localized in the sense that the resonant field is confined to a bounded re-
gion with a sharp boundary not defined by the discontinuity of the material parameters,
and outside that region, the resonant field converges to a smooth one. The resonance
strongly depends not only on the form of the external source, but also on the location
of the source. If ALR occurs, one can show that for a certain external excitation, both
the source and the plasmonic structure are invisible to the external field observation,
namely cloaking is achieved (cf. [1, 27]). This is referred to as cloaking due to anoma-
lous localized resonance (CALR) in the literature. Physically speaking, if CALR occurs,
small objects locating beside the plasmonic structure are also invisible to the external
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field observation and this was confirmed in [29]. Clearly, the occurrence of ALR depends
on the delicate structure of the plasmon device, in particular, the appropriate choice of
the plasmonic parameters. It turns out that the choice of the plasmon parameters that
can induce the ALR and cloaking is closely connected to the spectrum of the classical
Neumann-Poinca´re operator in potential theory. All of those distinctive features make
the ALR a unique subject for mathematical study.
Plasmon resonance and anomalous localized resonance have been extensively investi-
gated and we refer to the aforementioned literature for related existing studies. In this
paper, we consider the ALR and cloaking described by the 2D and 3D Helmholtz systems.
In two dimensions, it describes the transverse electromagnetic wave propagation in the
time-harmonic regime, and in three dimensions, it describes the time-harmonic acoustic
wave propagation. We are mainly concerned with the mathematical study and provide
a uniform treatment of the ALR and plasmonic cloaking associated to the Helmholtz
system in both 2D and 3D. One of the major contributions is the mathematical con-
struction of novel core-shell plasmonic structures that can induce ALR and cloaking at
certain finite frequencies beyond the quasistatic limit. In many of the existing studies
on plasmon resonance and ALR, the quasistatic approximation has played a critical role.
There are also several studies that go beyond the quasistatic limit [16, 27, 30]. In [27],
double negative materials are employed in the shell and in [30], in addition to the employ-
ment of double negative materials, a so-called double-complementary medium structure
is incorporated into the construction of the plasmonic device. CALR is shown to occur
for the constructions in [27, 30]. In [16], it is actually shown that resonance does not
occur for the classical core-shell plasmonic structure without the quasistatic approxima-
tion as long as the core and shell are strictly convex. The result in [16, 27] indicates
that if one intends to construct a core-shell plasmonic structure which can induce CALR,
the plasmonic configuration has to be properly chosen. In the current study, we do not
employ the double negative materials in the shell. The crucial point of our study is that
we take all the ingredients in a plasmonic configuration including the various material
parameters, the size parameters, the external source as well as the frequency as a whole
system. By delicately balancing all those configuration ingredients, we show that CALR
can still be achieved in certain scenarios.
It is worth pointing out that as a significant byproduct of this study, we also derive
the complete spectrum of the Neumann-Poinca´re operator associated to the Helmholtz
equation with finite frequencies in the radial geometry. The spectral result is also the
first one in its type and of significant mathematical interest for its own sake. Finally, we
would like to emphasize that the current article is a piece of theoretical work, and the
practical construction or fabrication of the mathematically predicted new structures is
beyond the scope of our study.
1.2. Mathematical setup. We first consider the transverse electromagnetic wave prop-
agation corresponding to an infinitely long cylindrical structure. Henceforth, we let Br,
r ∈ R+, signify a 3D ball or a 2D disk of radius r and centred at the origin. Consider
a material cylinder that is infinite along the ~k-direction and of a cross section being the
concentric disks Bri and Bre , ri < re; see Fig. 1 for a schematic illustration. Suppose the
electric permittivity and magnetic permeability in the core Bri and in the shell Bre\Bri
are, respectively, given by (εc, µc) and (εs, µs). The exterior of the cylinder is the matrix
which is supposed to be uniformly homogeneous. The permittivity and permeability of
the matrix are, respectively, given by two positive constants ε0 and µ0. Furthermore, we
assume that the material in the shell is lossy, and its electric conductivity is signified by
σs. An external electric/magnetic source of the form f(x1, x2)~k is assumed, where for
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Figure 1. Schematic illustration of the core-shell-matrix structure of the
plasmonic configuration in transverse electromagnetic wave propagation.
x ∈ R3, we use the convention x = x1~i + x2~j + x3~k. f(x1, x2) is compactly supported
outside Bre . Both transverse electric (TE) and transverse magnetic (TM) poloarizations
can be considered, and e−iωt time-harmonic convention is also assumed.
The transverse electromagnetic scattering corresponding to the configuration described
above is governed by the following 2D Helmholtz system
∇ ·
[
1
α(x1, x2)
∇u(x1, x2)
]
+ ω2β(x1, x2)u(x1, x2) = f(x1, x2),
lim
|x′|→+∞
|x′|1/2
(
x′
|x′| · ∇u− iku
)
= 0, k = ω
√
ε0µ0,
(1.1)
where x′ = (x1, x2). In equation (1.1), for the TM wave scattering, we have u = E · ~k
with E denoting the electric wave field, and
(α, β) = (εc, µc)χ(Bri) + (εs + iδ, µs)χ(Bre\Bri) + (ε0, µ0)χ(R2\Bre), (1.2)
where δ = σs/ω and χ signifies the characteristic function; whereas for the TE wave
scattering, we have u = H · ~k with H denoting the magnetic wave field, and
(α, β) = (µc, εc)χ(Bri) + (µs, εs + iδ)χ(Bre\Bri) + (µ0, ε0)χ(R2\Bre). (1.3)
In the three-dimensional case, the Helmholtz system of the form (1.1) can be used to
describe the acoustic wave scattering. Let ρ(x),n(x) and τ(x), respectively, denote the
density, refractive index and absorption coefficient of an acoustic medium. Consider an
acoustic configuration of the following form,
(α, β) = (ρc, n
2
c)χ(Bri) + (ρs, n
2
s + iδ)χ(Bre\Bri) + (ρ0, n20)χ(R2\Bre), (1.4)
where δ = τ/ω and ρ0, n0 are two positive constants, signifying the uniformly homoge-
neous matrix. Let f(x) denote an acoustic source compactly supported in the matrix.
Then the acoustic scattering is described by the Helmholtz system (1.1) with x′ replaced
by x, (α, β) replaced by (1.4), k = ωn0
√
ρ0 and |x′|1/2 by |x|.
In order to provide a uniform treatment of the transverse electromagnetic scattering
and the acoustic scattering, we introduce the following Helmholtz system in RN , N = 2, 3,
∇ · ((x)∇u(x)) + k2q(x)u(x) = f(x) x ∈ RN ,
lim
|x|→+∞
|x|(N−1)/2
(
x
|x| · ∇u− iku
)
= 0.
(1.5)
In (1.5), the material configuration is specified as follows,
(, q) = (c, 1)χ(Bri) + (s + iδ, 1)χ(Bre\Bri) + (1, 1)χ(RN\Bre). (1.6)
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Several remarks are in order as follows. The Helmholtz system (1.5)–(1.6) includes
(1.1)-(1.4) as particular cases if the corresponding material parameters are appropriately
chosen. For example, for the TM wave scattering, one can choose µc = µs = µ0. Then by
a standard normalisation, one can reduce (1.1)–(1.3) to (1.5)–(1.6). It is emphasized that
in our study, the derivation of the plasmonic cloaking device is a constructive procedure.
That is, with the appropriate design of the material configuration for the core-shell-matrix
structure, the ALR and cloaking are achievable. By introducing (1.6), the constructive
procedure is reduced to properly choosing the parameters c, s and δ. Second, the lossy
parameter δ is attached to  in the shell, and instead, it can also be attached to q in
the shell. Indeed, following a similar reduction procedure as above, one can show that
for the TE and acoustic scattering, the lossy parameter is actually attached to q in the
shell. However, in order to simplify the exposition and provide a uniform mathematical
treatment, we only consider the case that δ is attached to  in the shell. Nevertheless, we
emphasize that all of our subsequent mathematical arguments can be readily extended
to the case that δ is instead attached to q in the shell with slight modifications. Indeed,
theoretically speaking, δ is a regularisation parameter and for most of the cases in our
study, the resonance occurs in the limits as δ → +0. Moreover, for many of the existing
studies in the literature, in order to conveniently treat the quasistatic approximation
with k either formally taking to be zero or k  1, one always attaches the regularisation
parameter δ to . We also adopt this convention such that our current study can be
easily connected to the existing ones in the literature.
For the solution u ∈ H1loc(RN ) to (1.5)–(1.6), we define
Eδ[u] := δ
∫
Bre\Bri
|∇u(x)|2 dx, (1.7)
which signifies the energy dissipation of the Helmholtz system. The configuration (c, s+
iδ, f) in (1.5)–(1.6) is said to be resonant if
lim sup
δ→δ0
Eδ[u] = +∞, (1.8)
where δ0 is a fixed positive constant. It is remarked that for the existing studies in the
literature, it is always assumed that δ0 = 0. However, without the quasistatic approxi-
mation in the current article, one sometime would need a significant loss in the plasmonic
shell in order to induce resonances. This is in sharp difference from the ALR and cloak-
ing in the quasistatic regime. An explanation is that the Neumann-Poincr´e operator
associated to the Helmholtz system (1.5) at finite frequencies is non self-adjoint, and
the eigenvalues are complex; see Remark 3.1 for more relevant discussion. Nevertheless,
under generic conditions of the source term, we can still retain that δ0 = 0 in most of the
cases in our subsequent study. If in addition to (1.8), there exists R′ > re and C ∈ R+
such that the following condition holds,
|u(x)| ≤ C for |x| ≥ R′, (1.9)
then we say that anomalous localized resonance (ALR) occurs. If ALR occurs, then by
straightforward scaling analysis one can show that the energy dissipation, associated to
(, q, f/η) with η :=
√
Eδ, is normalized and the wave field outside BR′ tends to zero as
δ → δ0. Hence, both the plasmonic structure (Bri ; c)⊕ (Bre\Bri ; s + iδ) and the source
f/
√
Eδ are invisible with respect to the wave measurement in the exterior of BR′ . In such
a case, we say that cloaking due to anomalous localized resonance (CALR) occurs. For
our subsequent study, we shall need relax a bit the requirements for resonance and ALR
as follows. For a given sufficiently large M ∈ R+, if the configuration (c, s + iδ, f) in
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(1.5)–(1.6) satisfies
Eδ[u] > M, (1.10)
then we say that the configuration is weakly resonant; and if furthermore, (1.9) is also
fulfilled, then we say that weak ALR occurs. The major reason for us to introduce the
weak resonance and weak ALR is that our mathematical arguments are constructive, and
we always construct the plasmonic structures which can make the corresponding energy
dissipation large enough while the wave filed remain bounded outside a certain region,
namely both (1.10) and (1.9) are fulfilled. From a practical point of view, the weak ALR
should be enough for the cloaking application. In what follows, we shall not distinguish
between ALR and weak ALR, and it should be clear from the context.
1.3. Summary of the main results. In the rest of this section, we briefly summarize
the major findings of this paper for the convenience of readers. We consider two types
of plasmonic structures, one with a core of the form (1.6) and the other one with no
core, i.e. ri = 0 in (1.6). Theorems 2.1 and 4.1 contain the resonance results in 3D and
2D, respectively, for plasmonic structures with no cores. It is shown that in 3D, if the
plasmon parameter is s = −1 − 1/n0 with n0 ∈ N and n0  1 properly chosen, and
in 2D, s = −1, and if the conditions (2.20) for 3D and (4.13) for 2D, are respectively
fulfilled, then resonance occurs. Theorems 2.2 and 4.2 give the ALR results in 3D and 2D,
respectively, for core-shell plasmonic structures. In 3D, it is shown that if the medium
parameters are chosen according to (2.31) and if the condition (2.32) is fulfilled, then ALR
occurs. Furthermore, there is a critical radius such that if the source is located outside
the critical radius, then resonance does not occur. In 2D, it is shown that if s = −1 in
the shell and the medium parameters fulfil the condition (4.25), then ALR occurs and
moreover, there exists a critical radius such that if the source is located outside that
radius, then resonance does not occur.
The outline of our paper is as follows. In Section 2, we consider the plasmon reso-
nance and ALR results in three dimensions. Section 3 is devoted to the derivation of
the spectral system of the Neumann-Poincare´ operator as well as its application to the
plasmon resonance study. Finally, in Section 4, we consider the plasmon resonance and
ALR results in two dimensions.
2. Plasmon resonance and ALR results in three dimensions
In this section, we consider the resonance and ALR results associated with the Helmholtz
system (1.5)–(1.6) in three dimensions.
2.1. Resonance result with no core in R3. Assume that Bri = ∅. The Helmholtz
system (1.5)–(1.6) can be simplified as the following transmission problem,
4u(x) + k21,δu(x) = 0, x ∈ Bre ,
4u(x) + k2u(x) = f(x), x ∈ R3\Bre ,
u|− = u|+, (s + iδ)∂u∂ν
∣∣
− =
∂u
∂ν
∣∣
+
, x ∈ ∂Bre ,
lim
|x|→+∞
x · ∇u− ik|x|u = 0,
(2.1)
where and throughout the rest of the paper,
k1,δ :=
k√
s + iδ
with <k1,δ > 0, and =k1,δ < 0. (2.2)
It is supposed that the source f(x) is supported outside a ball BR1 with R1 > re.
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Let jn(t) and h
(1)
n (t) be, respectively, the spherical Bessel and Hankel functions of order
n ∈ N, and Yn(xˆ) be the spherical harmonics. Let G(x) be the fundamental solution of
the operator 4+ k2, namely
Gk(x) = − e
ik|x|
4pi|x| . (2.3)
The Newtonian potential of f(x) is defined as
F (x) =
∫
R3
Gk(x− y)f(y)dy, x ∈ R3, (2.4)
which verifies (4 + k2)F (x) = 0, x ∈ BR1 . For x ∈ BR1 , the potential F (x) can be
written as
F (x) =
∞∑
n=0
βnjn(kr)Yn(xˆ). (2.5)
With the above preparations, the solution to (2.1) can be written for x ∈ BR1 as
u(x) =
{ ∑∞
n=0 anjn(k1,δr)Yn(xˆ), x ∈ Bre ,∑∞
n=0 bnjn(kr)Yn(xˆ) + cnh
(1)
n (kr)Yn(xˆ), x ∈ BR1\Bre .
(2.6)
Applying the third condition in (2.1) on ∂Bre to u represented in (2.6), we have{
anjn(k1,δre) = bnjn(kre) + cnh
(1)
n (kre),
√
s + iδanj
′
n(k1,δre) = bnj
′
n(kre) + cnh
(1)′
n (kre).
(2.7)
Solving the equations in (2.7), we further have
an = bn
j′n(kre)h
(1)
n (kre)− h(1)′n (kre)jn(kre)√
s + iδj′n(k1,δre)h
(1)
n (kre)− h(1)′n (kre)jn(k1,δre)
,
cn = bn
j′n(kre)jn(k1,δre)−
√
s + iδj
′
n(k1,δre)jn(kre)√
s + iδj′n(k1,δre)h
(1)
n (kre)− h(1)′n (kre)jn(k1,δre)
.
(2.8)
Since when |x| > re, u(x)− F (x) satisfies
(4+ k2)(u(x)− F (x)) = 0 and (u(x)− F (x))→ 0 as |x| → ∞, (2.9)
one can show that there holds
bn = βn. (2.10)
Therefore, the solution to (2.1) is given by (2.6) with the coefficients defined in (2.8) and
(2.10).
We are in a position to give the representation of the energy dissipation Eδ[u]. Direct
calculations together with the help of Green’s formula yield that
Eδ[u] = δ
(
(k1,δ)
2
∫
Bre
|u|2dx+
∫
∂Bre
∂u
∂ν
uds(x)
)
=
∞∑
n=0
δ|an|2
(
(k1,δ)
2
∫ re
0
|jn(k1,δr)r|2dx+ k1,δr2ej′n(k1,δre)jn(k1,δre)
)
.
(2.11)
Clearly, (2.11) indicates that if there exists n0 ∈ N such that
δ|an0 |2 →∞ as δ → δ0, (2.12)
then plasmon resonance occurs. To that end, we next analyze an. Using the fact
jn(t)h
(1)′
n (t)− j′n(t)h(1)n (t) =
i
t2
,
PLASMONIC RESONANCE AND CLOAKING BEYOND THE QUASISTATIC LIMIT 7
0.3 0.35 0.4 0.45 0.5 0.55 0.6 0.65 0.7
0
0.5
1
1.5
2
2.5
3
3.5
x 106 n=1
δ
E
δ
0.01 0.02 0.03 0.04 0.05 0.06 0.07
0
0.5
1
1.5
2
2.5
3
3.5
x 107 n=2
δ
E
δ
0.8 1 1.2 1.4 1.6
x 10−3
0
2
4
6
8
10
12
x 107 n=3
δ
E
δ
0 0.5 1 1.5 2 2.5 3 3.5 4
x 10−5
0
2
4
6
8
10
12
14
x 107 n=4
δ
E
δ
Figure 2. The change of the dissipation energy Eδ with respect to the
change of δ when n0 is fixed, n0 = 1, 2, 3, 4, in R3.
one has from (2.8) and (2.10) that
an =
1
(kre)2
−iβn√
s + iδj′n(k1,δre)h
(1)
n (kre)− h(1)′n (kre)jn(k1,δre)
. (2.13)
In order to make (2.12) happen, one should have by using (2.13) that√
s + iδj
′
n(k1,δre)h
(1)
n (kre)− h(1)′n (kre)jn(k1,δre)→ 0 as δ → δ0. (2.14)
That is, we need to determine an appropriate plasmon material distribution s + iδ such
that (2.14) can occur. It is noted that (2.14) is a nonlinear equation in terms of s + iδ
and n. The rest of this subsection is devoted to analyzing this nonlinear equation.
2.1.1. Simple numerical constructions. Based on our earlier calculations, we first numer-
ically solve the nonlinear equation (2.14) to obtain some plasmonic structures that can
induce the resonance. For simplicity, we set k = 1 and re = 1, and choose the source f
such that the Newtonian potential F (x) in (2.5) satisfy βn = 1 when n = n0 and βn = 0
when n 6= n0. Let the plasmon parameters be chosen as follows,
s = n0 and δ = δn0 , (2.15)
which depends on n0. We numerically find the following parameters that can induce
resonance, 
n0 = −1.303728 δn0 = 0.498620 for n0 = 1,
n0 = −1.237160 δn0 = 0.038434 for n0 = 2,
n0 = −1.224395 δn0 = 0.001203 for n0 = 3,
n0 = −1.190550 δn0 = 0.000019 for n0 = 4.
(2.16)
In Fig. 2, we plot the energy Eδ against the change of the loss parameter δ when n0 is
fixed for n0 = 1, 2, 3, 4, which clearly demonstrate the resonance results at those critical
values in (2.16). The numerical results also motivate us that as n0 increases, the plasmon
parameter s approaches −1 and the loss parameter δ approaches 0.
2.1.2. General construction. We next present the construction of a general plasmonic
structure that can induce resonance. To that end, we first recall the following asymptotic
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properties of the spherical Bessel and Hankel functions, jn(t) and h
(1)
n (t) for sufficiently
large n (cf. [14]),
jn(t) = jˆn(t)
(
1 + jˇn(t)
)
, h(1)n (t) = hˆ
(1)
n (t)
(
1 + hˇ(1)n (t)
)
, (2.17)
where fˆn(t), fˇn(t), hˆ
(1)
n (t) and hˇ
(1)
n (t) are defined by
jˆn(t) =
tn
(2n+ 1)!!
, jˇn(t) = O
(
1
n
)
, hˆ(1)n (t) =
(2n− 1)!!
itn+1
, hˇ(1)n (t) = O
(
1
n
)
. (2.18)
We have the following theorem regarding the plasmon resonance in three dimensions.
Theorem 2.1. Consider the Helmholtz system (2.1), where the Newtonian potential of
the source f is given in (2.5). Let n0 ∈ N fulfil the following two conditions:
(1) n0 is sufficiently large such that the asymptotic properties of jn(t) and h
(1)
n (t) in
(2.17) hold for n ≥ n0;
(2) βn0 6= 0.
Let the plasmon parameters be chosen of the following form
s = −1− 1
n0
, δ ∈ R+ and δ  1. (2.19)
Then if the plasmon configuration fulfils the following condition,
jˆn0(k1,δre)hˆ
(1)
n0 (kre)
(√
s + iδjˇn0(t)
′(k1,δre)
(
1 + hˇ(1)n0 (kre)
)
− hˇ(1)′n0 (kre)
(
1 + jˇn0(k1,δre)
))
= 0,
(2.20)
one has that Eδ[u] ∼ δ−1.
Proof. Suppose that s = −1− 1/n0 with n0 satisfying the two conditions stated in the
theorem. By straightforward calculations, we first have that∣∣∣√s + iδj′n0(k1,δre)h(1)n0 (kre)− h(1)′n0 (kre)jn0(k1,δre)∣∣∣ ≈ δ(1 +O( 1n0
))
. (2.21)
From the solution given in (2.8) and with the help of Green’s formula, one has that
Eδ[u] = δ
∫
Bre
|∇u|2dx = δk21,δ
∫
Bre
|u|2dx+ δ
∫
∂Bre
∂u
∂ν
uds(x)
≥ δk21,δ
∫
Bre
|an0jn0(k1,δr)Yn0(xˆ)|2dx
+ δ
∫
∂Bre
an0k1,δj
′
n0(k1,δre)(an0jn0(k1,δre))|Yn0(xˆ)|2ds(x) ≈
|βn0 |2n0
δ
(
1 +O
(
1
n0
))
,
which readily completes the by noting that βn0 6= 0. 
Remark 2.1. Since δ  1, we see that the plasmon configuration in Theorem 2.1 in-
duces resonance. The next thing one needs to verify is that the equation (2.20) yields
a nonempty set of parameters. This is indeed the case and we next present a numerical
example for illustration. We set re = 1, n0 = 500, s = 1 − 1/n0 and δ = 0.5n0 , and let
k be a free parameter. Fig. 3 plots the quantity in the LHS of (2.20) against k around
k = 8. One readily sees that there do exist k’s such that (2.20) holds. Hence, resonance
occurs with the aforesaid parameters at those k’s. One can also fix k and determine the
other parameters by solving (2.20).
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Figure 3. The real and imaginary parts of the LHS quantity in (2.20)
with respect the change of the wavenumber k.
2.2. ALR result with a core in R3. In this subsection, we consider the Helmholtz
system (1.5)–(1.6) in R3 with ri 6= 0, and show that ALR can be induced. Let the
Newtonian potential of the source f is again given in (2.5). The solution to (1.5)–(1.6)
in BR1 can be expressed as
u(x) =

∑∞
n=0 anjn(
kr√
c
)Yn(xˆ), x ∈ Bri ,∑∞
n=0 bnjn(k1,δr)Yn(xˆ) + cnh
(1)
n (k1,δr)Yn(xˆ), x ∈ Bre\Bri∑∞
n=0 enjn(kr)Yn(xˆ) + dnh
(1)
n (kr)Yn(xˆ), x ∈ BR1\Bre .
(2.22)
By applying the transmission conditions across ∂Bri and ∂Bre , we can have from (2.22)
that 
anjn(
kri√
c
) = bnjn(k1,δri) + cnh
(1)
n (k1,δri),
√
canj
′
n(
kri√
c
) =
√
s + iδ
(
bnj
′
n(k1,δri) + cnh
(1)′
n (k1,δri)
)
,
bnjn(k1,δre) + cnh
(1)
n (k1,δre) = enjn(kre) + dnh
(1)
n (kre),√
s + iδ
(
bnj
′
n(k1,δre) + cnh
(1)′
n (k1,δre)
)
= enj
′
n(kre) + dnh
(1)′
n (kre).
(2.23)
Solving the equations in (2.23), one has that an = a˜n/gn, bn = b˜n/gn, cn = c˜n/gn, dn =
d˜n/gn, where
a˜n =en
√
s + iδ × ζn ×
(
j′n(k1,δri)h
(1)
n (k1,δri)− h(1)′n (k1,δri)jn(k1,δri)
)
, (2.24)
b˜n =en × ζn ×
(√
cj
′
n(
kri√
c
)h(1)n (k1,δri)−
√
s + iδh
(1)′
n (k1,δri)jn(
kri√
c
)
)
, (2.25)
c˜n =en × ζn ×
(√
s + iδj
′
n(k1,δri)jn(
kri√
c
)−√cj′n(
kri√
c
)jn(k1,δri)
)
, (2.26)
ζn :=j
′
n(kre)h
(1)
n (kre)− h(1)′n (kre)jn(kre), (2.27)
and
d˜n =en
(√
c
(
h(1)n (k1,δri)jn(k1,δre)− h(1)n (k1,δre)jn(k1,δri)
)
j′n(
kri√
c
)j′n(kre)+
(s + iδ)
(
h(1)′n (k1,δri)j
′
n(k1,δre)− h(1)′n (k1,δre)j′n(k1,δri)
)
jn(
kri√
c
)jn(kre)+√
s + iδ
(
j′n(k1,δri)h
(1)
n (k1,δre)− h(1)′n (k1,δri)jn(k1,δre)
)
jn(
kri√
c
)j′n(kre)+√
s + iδ
√
c
(
h(1)′n (k1,δre)jn(k1,δri)− j′n(k1,δre)h(1)n (k1,δri)
)
j′n(
kri√
c
)jn(kre)
)
,
(2.28)
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gn =(s + iδ)
(
h(1)′n (k1,δre)j
′
n(k1,δri)− h(1)′n (k1,δri)j′n(k1,δre)
)
h(1)n (kre)jn(
kri√
c
)+√
s + iδ
(
h(1)′n (k1,δri)jn(k1,δre)− j′n(k1,δri)h(1)n (k1,δre)
)
h(1)′n (kre)jn(
kri√
c
)+
√
c
(
h(1)n (k1,δre)jn(k1,δri)− h(1)n (k1,δri)jn(k1,δre)
)
j′n(
kri√
c
)h(1)′n (kre)+
√
c
√
s + iδ
(
j′n(k1,δre)h
(1)
n (k1,δri)− h(1)′n (k1,δre)jn(k1,δri)
)
j′n(
kri√
c
)h(1)n (kre),
(2.29)
with k1,δ given in (2.2).
By a similar reasoning to that in (2.9) and (2.10), one can show that en = βn. With
the above series representation of the solution, we next consider the occurrence of ALR,
namely configurations to make both (1.10) and (1.9) fulfilled. To that end, we need to
impose a certain constraint on the source f(x) such that the potential F (x) is of the
following form
F (x) =
∞∑
n=N
βnjn(kr)Yn(xˆ), (2.30)
for some sufficiently large N so that when n ≥ N , the asymptotic properties in (2.17)
hold. In the following, in order to simplify the statement, we also need to introduce the
following two functions:
ϕ1(n, b1, b2, r1, r2) = jˆn(r1)hˆ
(1)
n (r2)
(
b1jˇ
′
n(r1)
(
1 + hˇ(1)n (r2)
)
− b2hˇ(1)′n (r2)
(
1 + jˇn(r1)
))
,
ϕ2(n, b1, b2, r1, r2) = b1j
′
n(r1)h
(1)
n (r2)− b2h(1)′n (r2)jn(r1),
where fˆn(t), fˇn(t), hˆ
(1)
n (t) and hˇ
(1)
n (t) are defined in (2.17)–(2.18).
Theorem 2.2. Consider the Helmholtz system (1.5)–(1.6) in R3 with the Newtonian
potential F of the source f satisfying (2.30). Let the plasmon configuration be chosen of
the following form,
c = (1 + 1/n0)
2, s = −1− 1/n0 and δ = ρn0 , (2.31)
where ρ := ri/re < 1 and n0 ∈ N with n0  1. If the plasmon configuration fulfils the
following condition,
ϕ1(n0,
√
c, τs,δ,
kri√
c
, k1,δri)ϕ2(n0, τs,δ, 1, k1,δre, kre) + ϕ1(n0, τs,δ, 1, k1,δre, kre)
×
(
ϕ2(n0,
√
c, τs,δ,
kri√
c
, k1,δri)− ϕ1(n0,√c, τs,δ, kri√
c
, k1,δri)
)
= 0,
(2.32)
where τs,δ :=
√
s + iδ, then there is a critical radius r∗ :=
√
r3e/ri such that if f lies
within this radius, Eδ[u] ≥ µn00 n0 with µ0 > 1, and u(x) remains bounded for |x| > r2e/ri;
and if f lies outside this radius, Eδ[u] is bounded by a constant depending only on f, k
and re.
Proof. For notational convenience of the proof, we set β˜n :=
βn
(2n+1)!! , n ≥ N . By (2.31)
and (2.32), together with the use of (2.17) one can derive the following estimates when
n = n0,
gn0 ≈ δ2 + ρ2n0 , b˜n0 ≈ iδβn0 , (2.33)
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c˜n0 ≈
n0(kri)
2n0
(1 · 3 · · · (2n0 + 1))2βn0 , d˜n0 ≈
δn0(kre)
2n0
(1 · 3 · · · (2n0 + 1))2βn0 , (2.34)
and when n 6= n0,
gn ≈ (n− n0)
2
n2n20
, bn ≈ n− n0
nn0
βn, (2.35)
cn ≈ n(kri)
2nβn
(1 · 3 · · · (2n+ 1))2 , d˜n ≈
(kre)
2nβn
(1 · 3 · · · (2n+ 1))2
n− n0
n0
, (2.36)
Noting δ = ρn0 , from (2.33) and (2.34) and by direct calculations, one can show that
Eδ[u] ≥
n0β˜
2
n0(kre)
2n0δ
δ2 + ρ2n0
≥ n0β˜2n0
(
k2r3e
ri
)n0
. (2.37)
Consider first that the source f(x) is supported inside the critical radius r∗ =
√
r3e/ri.
By (2.30) and the asymptotic property of jn(t) in (2.17), one can verify that there exists
τ ∈ R+ such that
lim sup
n→∞
(β˜n)
1/n =
√
ri
k2r3e
+ τ . (2.38)
Combining (2.38) and (2.37), one can obtain that
Eδ[u] ≥ n0
(
ri
k2r3e
+ τ
)n0 (k2r3e
ri
)n0
.
Next, we suppose that the source is supported outside the critical radius r∗. Then there
exists η > 0 such that
lim sup
n→∞
(β˜n)
1/n ≤ 1
kr∗ + η
,
and the dissipation energy Eδ can be estimated as follows
Eδ[u] ≈
∑
n≥N,n6=n0
n3
(
n0
n− n0
)2
(kre)
2nβ˜2n +
n0β˜
2
n0(kre)
2n0δ
δ2 + ρ2n0
,
≤
∑
n≥N,n6=n0
n3
(
n0
n− n0
)2
ρn + n0β˜
2
n0
(
k2r3e
ri
)n0
≤ C,
which means that resonance does not occur.
Next we prove the boundedness of the solution u(x) when |x| > r2e/ri. From (2.33)
and (2.34), when n = n0 one has that
|dn0h(1)n0 (kr)| ≤
|β˜n0 |(kre)2n0n0
1 · 3 · · · (2n0 + 1)
δ
δ2 + ρ2n0
1 · 3 · · · (2n0 − 1)
(kr)n0+1
≤ |β˜n0 |(kre)n0
(
r2e
ri
)n0 1
rn0
,
(2.39)
and when n 6= n0, one can obtain from (2.35) and (2.36),
|dnh(1)n (kr)| ≤
|β˜n|(kre)2n
1 · 3 · · · (2n+ 1)
n2n0
n− n0
1 · 3 · · · (2n− 1)
(kr)n+1
,
≤ |β˜n|(kre)n nn0
n− n0
rne
rn
.
(2.40)
Hence from (2.39) and (2.40), one has that
|u(x)− F (x)| ≤
∑
n≥N
|β˜n|(kre)n ≤ C, when |x| ≥ r2e/ri. (2.41)
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Figure 4. The real and imaginary parts of the LHS quantity in (2.32)
with respect the change of the wavenumber k.
The proof is complete. 
Remark 2.2. Similar to Remark 2.1, we can numerically verify the equation in (2.32)
yields a nonempty set of parameters. For illustration, we set n0 = 300, ri = 0.5, re =
1, c = (1 + 1/n0)
2, s = −1 − 1/n0 and δ = (ri/re)n0 , and let k be a free parameter.
Fig. 4 plots the quantity in the LHS of (2.32) against k over an interval. It can be seen
that there do exist k’s such that (2.32) holds.
3. Spectral system of the Neumann-Poinca´re operator and its
application to plasmon resonance in R3
With the help of the results obtained in the previous section, we are able to derive
the complete spectral syestem of the Neumann-Poinca´re operator associated with the
Helmholtz equation at finite frequencies in the radial geometry. The spectral result is of
independent mathematical interest and it can also help us to derive the resonance and
ALR results in in Section 2.
3.1. Spectral system of the Neumann-Poinca´re operator. First we introduce the
single layer potential that is defined as
Sk∂BR [ϕ](x) =
∫
∂BR
Gk(x− y)ϕ(y)ds(y), x ∈ R3,
where ϕ(x) ∈ L2(∂BR) and Gk(x) is given in (2.3). The conormal derivative of the single
layer potential enjoys the following jump formula
∂
∂ν
Sk∂BR [ϕ]|±(x) =
(
±1
2
I +
(
Kk∂BR
)∗)
[ϕ](x), x ∈ ∂BR, (3.1)
where (
Kk∂BR
)∗
[ϕ](x) = p.v.
∫
∂BR
∂
∂νx
Gk(x− y)ϕ(y)ds(y), x ∈ ∂BR,
which is referred to as the Neumann-Poinca´re operator. In (3.1), the ± indicate the limit
(to ∂BR) from outside and inside of BR, respectively. It is remarked that (K
k
∂BR
)∗ is
compact but non self-adjoint. In [1], it is shown for the quasistatic limit with k = 0,
(K0∂BR)
∗ is symmetrizable, but it is not the case with k 6= 0. Before giving the eigenvalues
of the operator
(
Kk∂BR
)∗
, we first introduce the following identity.
Lemma 3.1.(
Kk∂BR
)∗
[ϕ](x) = − 1
2R
Sk∂BR [ϕ](x)−
ik
8piR
∫
∂BR
eik|x−y|ϕ(y)ds(y), x ∈ ∂BR. (3.2)
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Proof. The identify can be easily verified by noting that for x and y both belonging to
∂BR, one has
∂
∂νx
Gk(x− y) =−e
ik|x−y|
4pi
(
−〈x− y, νx〉|x− y|3 + ik
〈x− y, νx〉
|x− y|2
)
=
−eik|x−y|
4pi
(
− 1
2R|x− y| +
ik
2R
)
,
where the following fact is used
〈x− y, νx〉
|x− y|2 =
R(1− 〈νy, νx〉)
2R2(1− 〈νy, νx〉) =
1
2R
.

The spectral system of the operator
(
Kk∂BR
)∗
is contained in the following theorem.
Theorem 3.1. Let k and R satisfy the following condition
jn(kR) 6= jn+2(kR) for n ≥ 0. (3.3)
Then (
Kk∂BR
)∗
[Ym](x) = λm,k,RYm(xˆ), (3.4)
where
λm,k,R =
1
2
− ik2R2j′n(kR)h(1)n (kR) = −
1
2
− ik2R2jn(kR)h(1)′n (kR), (3.5)
and on the boundary ∂BR,
Sk∂BR [Ym](x) = χm,k,RYm(xˆ), x ∈ ∂BR,
where χm,k,R = −ikR2h(1)m (kR)jm(kR).
Proof. By the Funk-Hecke formula (cf. [14]), one has that∫
∂BR
eik|x−y|Ym(yˆ)ds(y) = 2piR2Em,k,RYm(xˆ), (3.6)
where
Em,k,R =
∫ 1
−1
ei
√
2kR
√
1−tPm(t)dt, (3.7)
with Pm(t) denoting the Legendre polynomial of degree m. Since S
k
∂BR
[Ym](x) satisfies
(4+ k2)Sk∂BR [Ym](x) = 0 x ∈ BR,
we can assume that
Sk∂BR [Ym](x) =
∞∑
n=0
γn,k,Rjn(kr)Yn(xˆ) x ∈ BR. (3.8)
Substituting (3.2) and (3.8) into the jump formula (3.1), together with the help of (3.6),
one can obtain that
∞∑
n=0
γn,k,R
(
kj′n(kR) +
jn(kR)
2R
)
Yn(xˆ) =
(
−1
2
− ikR
4
Em
)
Ym(xˆ). (3.9)
From the two properties of the spherical Bessel function jn(t) that
jn+1(t) = −tn d
dt
(
t−nfn(t)
)
, n = 0, 1, · · · ,
jn+1(t) + jn−1(t) =
2n+ 1
t
fn(t), n = 1, 2, · · · ,
(3.10)
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and together with the assumption in (3.3), one can show that(
kj′n(kR) +
jn(kR)
2R
)
6= 0, for n ≥ 0. (3.11)
Therefore one can obtain from the equation (3.9) that
γn,k,R =
 −
(2 + ikREm)R
2(2kRj′n(kR) + jn(kR))
, n = m,
0, n 6= m.
(3.12)
Finally, from the equation (3.2), one has that(
Kk∂BR
)∗
[Ym](x) = λm,k,RYm(xˆ),
where
λm,k,R = − 1
2R
γm,k,Rjm(kR)− ikR
4
Em,k,R.
Furthermore, one can obtain that the eigenvalues for the single layer potential operator
on the boundary ∂BR
Sk∂BR [Ym](x) = χm,k,RYm(xˆ) x ∈ ∂BR, (3.13)
where
χm,k,R = γm,k,Rjm(kR),
with γm,k,R given in (3.12).
If using the expression of Sk∂BR [Ym](x) outside BR, by the same argument one can
obtain that (
Kk∂BR
)∗
[Ym](x) = λm,k,RYm(xˆ),
where
λm,k,R = − 1
2R
αm,k,Rh
(1)
m (kR)−
ikR
4
Em,k,R,
with
αm,k,R =
(2− ikREm)R
2
(
2kRh
(1)′
n (kR) + h
(1)
n (kR)
) .
Analogously, the eigenvalues for the single layer potential operator on the boundary ∂BR
is
Sk∂BR [Ym](x) = χm,k,RYm(xˆ) x ∈ ∂BR, (3.14)
where
χm,k,R = αm,k,Rh
(1)
m (kR).
The eigenvalues in (3.13) and (3.14) should be the same, thus one has that
γm,k,Rjm(kR) = αm,k,Rh
(1)
m (kR). (3.15)
Substituting the expressions of γm,k,R and αm,k,R into the equation (3.15) yields that the
complex integral expression of Em,k,R in (3.7) can be written as
Em,k,R = 2kR
(
h(1)m (kR)j
′
m(kR) + jm(kR)h
(1)′
m (kR)
)
+ 2jm(kR)h
(1)
m (kR), (3.16)
which follows from
jn(t)h
(1)′
n (t)− j′n(t)h(1)n (t) =
i
t2
.
Finally, one can show that the eigenvalue for the single layer operator Sk∂BR can be
simplified as
χm,k,R = −ikR2h(1)m (kR)jm(kR),
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and the eigenvalue for the operator
(
Kk∂BR
)∗
is
λm,k,R =
1
2
− ik2R2j′n(kR)h(1)n (kR) = −
1
2
− ik2R2jn(kR)h(1)′n (kR).
This proof is complete. 
Remark 3.1. We believe the condition (3.3) should always hold. However, the verification
of it is fraught with difficulties, and we include it as a condition. It is also remarked that
from (3.5), one can verify that the eigenvalues are complex numbers for k 6= 0.
3.2. Resonance result. After achieving the spectral system of the Neumann-Poinca´re
operator, we can apply it to derive the resonance result for the Helmholtz system (2.1).
Consider (2.1) and the solution could be represented as the following integral ansatz,
u(x) =
{
S
k1,δ
∂Bre
[ϕ](x), x ∈ Bre ,
Sk∂Bre [ψ](x) + F (x), x ∈ R3\Bre ,
(3.17)
with (ϕ,ψ) ∈ L2(∂Bre)×L2(∂Bre) and, k1,δ and F (x) given in (2.4) and (2.2) respectively.
By using the transmission conditions across ∂Bre , one then has S
k1,δ
∂Bre
[ϕ](x) = Sk∂Bre [ψ](x) + F (x),
(s + iδ)
∂
∂ν
(
S
k1,δ
∂Bre
[ϕ](x)
)
= ∂∂ν
(
Sk∂Bre [ψ](x) + F (x)
)
.
(3.18)
Substituting the jump relation (3.1) into the last equation (3.18) yields that Sk1,δ∂Bre −Sk∂Bre
(s + iδ)
(
−12I +
(
K
k1,δ
∂BR
)∗) −(12I + (Kk∂BR)∗)
[ ϕ
ψ
]
=
[
F
∂
∂νF
]
. (3.19)
Since the potential F (x) for x ∈ Bre can be represented as in (2.5), then for x ∈ ∂Bre ,
F (x) and ∂∂νF (x) can be written as
F (x) =
∞∑
n=0
βnjn(kre)Yn(xˆ),
∂
∂ν
F (x) =
∞∑
n=0
kβnj
′
n(kre)Yn(xˆ). (3.20)
Substituting (3.20) into the equation (3.19), one can obtain
ϕ(x) =
∞∑
n=0
ϕˆnYn(xˆ), (3.21)
where
ϕˆn =
kχn,k,rej
′
n(kre)− (1/2 + λn,k,re)jn(kre)
(s + iδ)(−1/2 + λn,k1,re)χn,k,re − (1/2 + λn,k,re)χn,k1,re
βn. (3.22)
Therefore from Green’s formula, one has that
Eδ[u] = δ(k1,δ)
2
∫
Bre
|u|2dx+ δ
∫
∂Bre
∂u
∂ν
uds(x)
= δ(k1,δ)
2
∫
Bre
|Sk1,δ∂Bre [ϕ]|
2dx+ δ
∫
∂Bre
(
−1
2
+
(
K
k1,δ
∂BR
)∗)
[ϕ]S
k1,δ
∂Bre
[ϕ]ds(x)
=
∞∑
n=0
δ|ϕˆn|2
(
(k1,δ)
2|γn,k1,δ,re |2
∫ re
0
|jn(k1,δr)r|2dr + (−1
2
+ λn,k1,δ,re)χn,k1,δ,rer
2
e
)
.
Thus if we can determine s + iδ such that for some n0 ∈ N,
δ|ϕˆn0 |2 →∞ as δ → δ0, (3.23)
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then the resonance occurs. Substituting the expressions of λn,k,re , χn,k1,re , λn,k1,re and
χn,k,re given in Theorem 3.1 into (3.22), the condition (3.23) can be shown to be reduced
to (2.14). Therefore one can derive the same results in Theorem 2.1. By using the
spectral properties of the Nemann-Poinca´re operator, one can also prove Theorem 2.2 in
a similar manner.
4. Plasmon resonance and ALR results in two dimensions
In this section, we extend our 3D resonance and ALR results in Section 2 to the 2D
case. The study is pretty much parallel to the 3D case and in what follows, we shall
present the main results and then sketch their proofs.
4.1. Resonance result with no core in R2. We first consider the Helmholtz system
(2.1) in the two-dimensional case. Let Jn(t) and H
(1)
n (t) be, respectively, the Bessel and
Hankel functions of order n ∈ N. The fundamental solution in (2.3) in the 2D case is
replaced by Gk(x) = − i4H
(1)
0 (k|x|). The Newtonian potential the potential F (x) defined
in (2.4) has the following series representation for x ∈ BR1 ,
F (x) =
∞∑
n=−∞
βnJn(kr)e
inθ, (4.1)
where and also in what follows, we assume that J−n(t) = Jn(t). Following a similar
argument to that in (2.6)–(2.11), one can show that
u(x) =
{ ∑∞
n=−∞ anJn(k1,δr)e
inθ, x ∈ Bre ,∑∞
n=−∞ bnJn(kr)e
inθ + cnH
(1)
n (kr)einθ, x ∈ BR1\Bre .
(4.2)
with 
an = bn
J ′n(kre)H
(1)
n (kre)−H(1)′n (kre)Jn(kre)√
s+iδJ ′n(k1,δre)H
(1)
n (kre)−H(1)′n (kre)Jn(k1,δre)
,
cn = bn
J ′n(kre)Jn(k1,δre)−
√
s+iδJ ′n(k1,δre)Jn(kre)√
s+iδJ ′n(k1,δre)H
(1)
n (kre)−H(1)′n (kre)Jn(k1,δre)
,
(4.3)
and bn = βn. Moreover, we have that
Eδ[u] = δ
(
(k1,δ)
2
∫
Bre
|u|2dx+
∫
∂Bre
∂u
∂ν
uds(x)
)
=
∞∑
n=−∞
2piδ|an|2
(
(k1,δ)
2
∫ re
0
|Jn(k1,δr)|2rdx+ k1,δreJ ′n(k1,δre)Jn(k1,δre)
)
,
(4.4)
which shows that if there exists n0 ∈ N such that
δ|an0 |2 →∞ as δ → δ0, (4.5)
then the plasmon resonance occurs. Next, by using the fact that
Jn(t)H
(1)′
n (t)− J ′n(t)H(1)n (t) =
2i
pit
,
one has that
an =
1
pikre
−2iβn√
s + iδJ ′n(k1,δre)H
(1)
n (kre)−H(1)′n (kre)Jn(k1,δre)
.
Hence, if there exists plasmon parameter s + iδ such that√
s + iδJ
′
n(k1,δre)H
(1)
n (kre)−H(1)′n (kre)Jn(k1,δre)→ 0, (4.6)
as δ → δ0, then the condition (4.5) is fulfilled.
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Figure 5. Resonance
4.1.1. Plasmon resonance in two dimensions. Similar to our study in the three dimen-
sional case, we first present some simple numerical constructions.
Set
k = 1, and re = 1,
and for simplicity, we assume that the coefficients of the potential F (x) in (4.1) are given
as
βn =
{
1, n = n0,
0, n 6= n0, (4.7)
The plasmon parameters are chosen as follows
s = n0 and δ = δn0 , (4.8)
which depends on n0. With the help of numerical simulation, the following are the critical
values of the resonant plasmon parameters
n0 = −0.422878 δn0 = 0.782261, for n0 = 1,
n0 = −0.674330 δn0 = 0.115866, for n0 = 2,
n0 = −0.864384 δn0 = 0.006257, for n0 = 3,
n0 = −0.931486 δn0 = 0.000143, for n0 = 4.
(4.9)
Fig. 5 plots the change of the energy Eδ against the change of the loss parameter δ when
n0 is fixed for n0 = 1, 2, 3, 4, which show the same behaviours as the three dimensional
case.
Next, we present the construction of a general 2D plasmonic structure that can induce
resonance. To that end, we recall the following asymptotic properties of the functions
Jn(t) and H
(1)
n (t) for sufficiently large n ∈ N,
Jn(t) = Jˆn(t)
(
1 + Jˇn(t)
)
, H(1)n (t) = Hˆ
(1)
n (t)
(
1 + Hˇ(1)n (t)
)
, (4.10)
where Jˆn(t), Jˇn(t), Hˆ
(1)
n (t) and Hˇ
(1)
n (t) have the following properties,
Jˆn(t) =
tn
2nn!
, Jˇn(t) = O
(
1
n
)
, Hˆ(1)n (t) =
2n(n− 1)!
piitn
, Hˇ(1)n (t) = O
(
1
n
)
. (4.11)
Theorem 4.1. Consider the Helmholtz system (2.1) in R2, where the Newtonian poten-
tial F of the source f is given in (4.1). Suppose that for F in (4.1), there exists an index
n0 ∈ N such that βn0 6= 0 and n0 is sufficiently large such that when n ≥ n0, Jn(t) and
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Figure 6. The real and imaginary parts of the LHS quantity in (4.13)
with respect the change of the wavenumber k.
H
(1)
n (t) enjoy the asymptotic expansions in (4.10). Let the plasmon parameters be chosen
of the following form
s = −1, δ ∈ R+ and δ  1. (4.12)
Then if the plasmon configuration fulfils the following condition,
Jˆn0(k1,δre)Hˆ
(1)
n0 (kre)
(√
s + iδJˇn0(t)
′(k1,δre)
(
1 + Hˇ(1)n0 (kre)
)
−Hˇ(1)′n0 (kre)
(
1 + Jˇn0(k1,δre)
))
= 0,
(4.13)
one has Eδ[u] ∼ δ−1.
Proof. By using (4.12) and (4.13), together with straightforward calculations, one can
show that∣∣∣√s + iδJ ′n0(k1,δre)H(1)n0 (kre)−H(1)′n0 (kre)Jn0(k1,δre)∣∣∣ ≈ δ(1 +O( 1n0
))
. (4.14)
From the solution given in (4.3) and with the help of Green’s formula, one has that
Eδ = δ
∫
Bre
|∇u|2dx = δk21,δ
∫
Bre
|u|2dx+ δ
∫
∂Bre
∂u
∂ν
uds(x)
≥ δk21,δ
∫
Bre
|an0Jn0(k1,δr)ein0θ|2dx
+ δ
∫
∂Bre
an0k1,δJ
′
n0(k1,δre)(an0Jn0(k1,δre))|ein0θ|2ds(x)
≈ |βn0 |
2
δ
(
1 +O
(
1
n0
))
,
(4.15)
which completes the proof by noting that βn0 6= 0. 
Remark 4.1. Similar to Remark 2.1, we can numerically verify that the equation in (4.13)
yields a nonempty set of parameters. We set re = 1, n0 = 300, s = −1 and δ = 0.5n0 ,
and let k be a free parameter. Fig. 6 plots the quantity in the LHS of (4.13) against k.
One readily sees that there do exist k’s such that (4.13) holds. Hence, resonance occurs
with the aforesaid parameters at those k’s. One can also fix k and determine the other
parameters by solving (4.13).
4.2. ALR result with a core in R2. In this subsection, we consider the Helmholtz
system (1.5)–(1.6) in R2 with ri 6= 0 , and show that ALR can be induced. Let the
Newtonian potential of the source f is again given in (4.1). By following a similar
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argument to that in deriving (2.22)–(2.29), one can show that the solution to (1.5)–(1.6)
in BR1 can be expressed as
u(x) =

∑∞
n=−∞ anJn(
kr√
c
)einθ, x ∈ Bri ,∑∞
n=−∞ bnJn(k1,δr)e
inθ + cnH
(1)
n (k1,δr)e
inθ, x ∈ Bre\Bri∑∞
n=−∞ enJn(kr)e
inθ + dnH
(1)
n (kr)einθ, x ∈ BR1\Bre ,
(4.16)
with an = a˜n/gn, bn = b˜n/gn, cn = c˜n/gn, dn = d˜n/gn, where
a˜n =en
√
s + iδ × ζn ×
(
J ′n(k1,δri)H
(1)
n (k1,δri)−H(1)′n (k1,δri)Jn(k1,δri)
)
, (4.17)
b˜n =en × ζn ×
(√
cJ
′
n(
kri√
c
)H(1)n (k1,δri)−
√
s + iδH
(1)′
n (k1,δri)Jn(
kri√
c
)
)
, (4.18)
c˜n =en × ζn ×
(√
s + iδJ
′
n(k1,δri)Jn(
kri√
c
)−√cJ ′n(
kri√
c
)Jn(k1,δri)
)
, (4.19)
ζn :=J
′
n(kre)H
(1)
n (kre)−H(1)′n (kre)Jn(kre), (4.20)
and
d˜n = en
(√
c
(
H(1)n (k1,δri)Jn(k1,δre)−H(1)n (k1,δre)Jn(k1,δri)
)
j′n(
kri√
c
)j′n(kre)+
τs,δ
(
H(1)′n (k1,δri)J
′
n(k1,δre)−H(1)′n (k1,δre)J ′n(k1,δri)
)
Jn(
kri√
c
)Jn(kre)+
√
τs,δ
(
J ′n(k1,δri)H
(1)
n (k1,δre)−H(1)′n (k1,δri)Jn(k1,δre)
)
Jn(
kri√
c
)J ′n(kre)+
√
τs,δ
√
c
(
H(1)′n (k1,δre)Jn(k1,δri)− J ′n(k1,δre)H(1)n (k1,δri)
)
J ′n(
kri√
c
)Jn(kre)
)
,
(4.21)
and
gn = τs,δ
(
H(1)′n (k1,δre)J
′
n(k1,δri)−H(1)′n (k1,δri)J ′n(k1,δre)
)
H(1)n (kre)Jn(
kri√
c
)+
√
τs,δ
(
H(1)′n (k1,δri)Jn(k1,δre)− J ′n(k1,δri)H(1)n (k1,δre)
)
H(1)′n (kre)Jn(
kri√
c
)+
√
c
(
H(1)n (k1,δre)Jn(k1,δri)−H(1)n (k1,δri)Jn(k1,δre)
)
J ′n(
kri√
c
)H(1)′n (kre)+
√
c
√
τs,δ
(
J ′n(k1,δre)H
(1)
n (k1,δri)−H(1)′n (k1,δre)Jn(k1,δri)
)
J ′n(
kri√
c
)H(1)n (kre),
(4.22)
with τs,δ := s + δ and k1,δ given in (2.2). One also has that en = βn. Similar to (2.30),
we impose the constraint on f such that the corresponding Newtonian potential F (x) is
of the following form
F (x) =
∞∑
|n|=N
βnJn(kr)e
inθ, (4.23)
for some sufficiently large N ∈ N such that when n ≥ N , Jn(r) and H(1)n (r) enjoy the
asymptotic properties given in (4.10). For the subsequent use, we also define the following
functions:
ϕ˜1(n, b1, b2, r1, r2) := Jˆn(r1)Hˆ
(1)
n (r2)
(
b1Jˇ
′
n(r1)
(
1 + Hˇ(1)n (r2)
)
− b2Hˇ(1)′n (r2)
(
1 + Jˇn(r1)
))
,
ϕ˜2(n, b1, b2, r1, r2) := b1J
′
n(r1)H
(1)
n (r2)− b2H(1)′n (r2)Jn(r1),
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where Jˆn(t), Jˇn(t), Hˆ
(1)
n (t) and Hˇ
(1)
n (t) are given (4.10) and (4.11).
Theorem 4.2. Consider the Helmholtz system (1.5)–(1.6) with ri 6= 0 in R2 with the
Newtonian potential F of the source f satisfying (4.23). Let the plasmon configuration
be chosen of the following form
s = −1, c = 1 and δ = ρn0 , (4.24)
where ρ := ri/re < 1 and n0 ∈ N with n0  1. If the plasmon configuration fulfils the
following condition,
ϕ˜1(n0,
√
c, τs,δ, kri, k1,δri)ϕ˜2(n0, τs,δ, 1, k1,δre, kre) + ϕ˜1(n0, τs,δ, 1, k1,δre, kre)
× (ϕ˜2(n0,√c, τs,δ, kri, k1,δri)− ϕ˜1(n0,√c, τs,δ, kri, k1,δri)) = 0,
(4.25)
where τs,δ =
√
s + iδ, then there is a critical radius r∗ :=
√
r3e/ri such that if f lies
within this radius, Eδ[u] ≥ µn00 n0 with µ0 > 1, and u(x) remains bounded for |x| > r2e/ri;
and if f lies outside this radius, Eδ[u] is bounded by a constant depending only on f, k
and re.
Proof. The proof is similar to that of Theorem 2.2 in the three dimensional case and in
what follows, we mainly point out several major ingredients. Set β˜n :=
βn
2nn! . One can
derive the following estimates when n ≥ N ,
gn ≈ δ2 + ρ2n, b˜n ≈ iδβn, c˜n ≈ n(kri)
2n
4n(n!)2
βn, d˜n ≈ −δn(kre)
2n
4n(n!)2
βn. (4.26)
For n0 sufficiently large, one can directly estimate with the help of (4.26) that
Eδ ≈
∑
|n|≥N
nβ2n(kre)
2n
(2nn!)2
δ
δ2 + ρ2n
≥ n0β˜2n0
(
k2r3e
ri
)n0
. (4.27)
If the source f is supported inside the critical radius r∗, by a similar reasoning to (2.38),
one can show that there exists τ ∈ R+ such that
lim sup
n→∞
(
β˜n
)1/n
=
√
ri
k2r3e
+ τ . (4.28)
Combining (4.27) and (4.28), one can then show that E [u] ≥ µn00 n0 for some µ0 > 1 as
stated in the theorem. The boundedness of u(x) for |x| > r2e/ri can be shown as follows.
By virtue of (4.26), one has that
|dnH(1)n (kr)| ≤
n(kre)
2n
4n(n!)2
δ
δ2 + ρ2n
|βn||H(1)n (kr)| ≤ |β˜n|(kre)n
(
r2e
ri
)n
1
rn
, (4.29)
which in turn implies that when |x| > r2e/ri,
|u(x)− F (x)| ≤
∑
|n|≥N
|β˜n|(kre)n ≤ C.
The proof is complete. 
Remark 4.2. Similar to Remark 2.2, we can numerically verify that the equation in (4.25)
yields a nonempty set of parameters. For illustration, we set n0 = 300, ri = 0.5, re =
1, c = 1, s = −1 and δ = (ri/re)n0 , and let k be a free parameter. Fig. 7 plots the
quantity in the LHS of (4.24) against k over an interval. It can be seen that there do
exist k’s such that (4.24) holds.
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Figure 7. The real part and imaginary part of left side of the equation
(4.25) with respect the change of the frequency k.
5. Concluding remarks
We have considered the plasmon resonance and cloaking due to anomalous localized
resonance for the Helmholtz system in both two and three dimensions at finite frequencies
beyond the quasistatic limits. Several novel constructions were presented which can
induce the aforesaid phenomena. The major point of our study is that, if resonance
occurs, then all the ingredients of a plasmon configuration form a nonlinear system. By
picking the material parameters and external sources of certain specific forms, the above
mentioned nonlinear system can be simplified to a verifiable one. The constraint on
the sources is critical for the aforementioned simplification. Nevertheless, we would like
to point out that it is unclear to us that the constraint is necessary. That is, it may
happen that resonance can still be induced for more general sources which do not satisfy
the constraint. Moreover, our study is mainly restricted to the radial geometry, and
the analysis follows the classical Mie scattering theory method of using spherical wave
expansions. Nevertheless, at a certain point, we also develop a spectral argument of
using the spectral properties of the Neumann-Poincare´ operator. The extension to the
non-radial geometries is much challenging and is definitely worth future study.
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